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Monotone MVI approximate solution 
Find  such that

 .

̂x ∈ #
GAP( ̂x) = sup

x∈#
⟨F(x), ̂x − x⟩ ≤ ε

The lower bound for methods with 
inexact Jacobians

GAP( ̂x) = Ω ( L1D3

T3/2 + δD2

T )

∥∇F(v) − J(v)∥ ≤ δ

min
x∈ℝd

max
y∈ℝd

f (x, y) = y⊤(Ax − b)+ ρ
6 ∥x∥3

Ω (ε−1)
O (ε−2/3) Ω (ε−2/3)

Inexact Jacobian

O (ε−1)

The Model

Ψv(x) = F(v) + J(v)[x − v]
Inexact Taylor approximation

The model of objective

Ωη
v(x) = Ψv(x) + ηδ(x − v) + 5L1∥x − v∥(x − v)

The Method

Insights 
• Subproblem is monotone VI. For QN 

approximation solution is reduced to 
minimization problem.


• Converging to optimum,  starts to 
have a greater influence on the choice 
of , preventing the method from 
taking overly aggressive steps 

βk

λk

Convergence

GAP( ̂x) = O ( L1D3

T 3/2 + δD2

T )
Tensor generalization. Monotone           

-smooth VIsLi
GAP( ̂x) = O ( Lp−1Dp+1

T
p + 1

2
+ ∑p−1

i=1
δiDi+1

T
i + 1

2 )

Quasi-Newton approximation

optimal second-
order rate

optimal first-
order rate

Damped L-Broyden Ji+1 = Ji+ 1
m + 1

(yi − Jisi)s⊤
i

s⊤
i si

si = zi+1 − zi, yi = F(zi+1) − F(zi)
 are sampled, si yi = ∇F(x)si

Experiments

Spotlight 

Non-monotone generalization. Minty 
condition, -smooth VIsL1
RES( ̂x) = sup

x∈#
⟨F( ̂x), ̂x − x⟩ = O ( L1D3

T + δD2

T )

Monotone. -smooth VIsL1


