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Stochastic Optimization

Unconstrained minimization

min f(x)

rERA
with stochastic first-order oracle:

V fe(x) — an estimate of V f(x)

FExample: expectation minimization
min { f(z) := Ecop[fe(z)]}
reR

Standard noise models:
e Sub-Gaussian noise:

R _exp (HVfg(:v) - Vf(x)HQ)_ < exp(1)

0-2

e Bounded variance:
E|V fe(z) — Vf(z)|" <o
e Bounded a-th moment, a € (1, 2]:
E||V fe(z) = V f(2)]|* < o

Assumptions on the Objective

We introduce all assumptions on Bsg(z*) =

{r € RY| [lz—2*|| < 3R} and R > ||2°—2*].

L-smoothness: Vx,y € Bsp(x*)

IVf(z) = VIl < Lz -y
IVf(@)II" < 2L (f(z) — f(27))

For accelerated case we also need
j-strong convexity: Va,y € Bsgp(z*)

fly) = f() + (Vf(@).y —a) + 5y — ]

For non-accelerated case we need
u~quasi strong convexity: Vx € Bsg(x*)

fla) 2 fl@) + (Vf(a)a® o)+ Glle — 2"

High-Probability Convergence

In-expectation guarantees:
Elf(z) — fla")] < e
High-probability guarantees:
P{flz) = fla") <e}>21-9
e more accurate than in-expectation ones

Optimal high-probability complexity,
bounded a-th moment noise, a € (1,2]:

6( L+<"2>M> 1]
po \ e

But can we have better
complexities for heavy-tailed noise?

Warmup: Symmetric Noise

Assumption 1

Foralue Rand y=1,....,d

e p; — PDF of the j-th component of the
noise: vj = |v]; = |V fe(x) — V f(z)];

®pj(u) = pj(—u)

o pi(u) < Bfmax{1|uf’*}, B >0, 5> 0

Cauchy distribution meets Assumption 1:

1 1
- —1
w1+ u? g

sj(u) =

Median properties

Fix any 7 € {1,...,d} and assume that
the marginal density of v; satisfies As-
sumption 1. Let vj1,...,0; 2,41 be In-
dependent copies of v;. If m > 3/p,
then EMed(v;1,...,Vjom+1) = 0 and

2
£ Med (vjyl, . ,vj7<2m+1>) is finite.

Eduard Gorbunov 3

Breaking the Heavy-Tailed Noise Barrier

in Stochastic Optimization Problems
Nikita Puchkin ™ 12

Nikolay Kutuzov *

" Equal contribution

'HSE University “lITP RAS °*MBZUAI

*MIPT °University Innopolis °ISP RAS

Main contributions

¢ Novel stochastic optimization setup

¢ informal: heavy-tailed symmetric part 4+ antisymmetric part with bounded variance

owe cover the case of E¢||V fe(x)|| = +o0

¢ High-probability complexities breaking the lower bounds

¢ new high-probability upper bounds for versions of clipped-SGD and clipped-SSTM

o key idea: use median / smoothed median of means in clipped-SGD and clipped-SSTM

¢ our results match SOTA ones under the bounded variance assumption for symmetric noise

¢ New non-asymptotic results for the smooth median of means

New Setup

Assumption 2

Foralue Rand y=1,...,d

+00 +00

/ ur;i(u) du = 0,

— 00 — 00

/ ()] du < M; and s™(u) <

BEk
k(ﬁﬂ)/g T ‘u’1+6’

: where

e p; — PDF of the j-th component of the noise: v; = [v]; = [V fe(x) — V f(2)];
e Antisymmetric part of PDF — r;(u), symmetric part of PDF —s,(z):

pj(u) — pj(—u)
ri(u) = >

and s;(x)

_ (@) +pi(—2)
2

e Convolution: g**(x) = g * ... * g(z), where g * h(x) = Jpag(z — y)h(y) dy

N ———’

k times
oM >0,B>0 02>1

Distributions satistying Assumption 2:

e Cauchy distribution + any distribution with bounded second moment (e.g., Pareto): 5 =1
e Symmetric a-stable distribution with o € [1,2]: =1

Assumptions 1 and 2 allow E

V fe(x)|| = +o0

Smoothed Median of Means: Properties

SMoM properties

Suppose that, for any j € {1,...,d} and any z € R% the density of v; = V fe(x) — V f(x)
meets Assumption 2. Then, if m > 2+ 3/8 and 6°n > (2 V m?*)M, it holds that

¢

EHSMoMm,n(Vfg(x), 9) _ Vf(m)HZ <mdd (1467 + (%)2 }

HESMoMmm (Vfg(a:), (9) — Vf(:z:)H <

(1+0)mM~/d

\

o8B \ P BM\ %/(6+1)
+ md B + (—Hnﬁ ) :

0’n 0’n nf—1

mM+/d (2@3)1/5

Main Results for Stochastic Optimization

Convergence of clipped-SGD

Assumption 1 + L-smoothness
+ u-quasi strong convexity: f(zh) —
f(x*) < e with prob. > 1 — ¢ after

(L 2
O (— + O—) iterations
TS

o Vf=(x) is Med of O(3/p) i.i.d. samples

Assumption 2 + L-smoothness
+ u-quasi strong convexity: f(zh) —
f(z*) < e with prob. > 1 — ¢ after

(L (1+65d+ D
@, (— + (1 +6%)d + ) iterations
p e

o V f=(x) is SMoM of O(1/¢) i.i.d. samples
e /) — some constant depending on

M?'B?ﬂ?d?n

Convergence of clipped-SSTM

Assumption 1 + L-smoothness
+ p-strong convexity: f(27)— f(z*) <
e with prob. > 1 — 0 after

. L 2
O \/: — g iterations
TR

o V f=(x) is Med of O(3/p) i.i.d. samples

Assumption 2 + L-smoothness
+ p-strong convexity: f(z7)— f(x*) <
e with prob. > 1 — 0 after

- L (1+6)d+ D
O — + (1 +6%)d + iterations
p e

e Stage t: V fz(x) is SMoM of O(2") i.i.d.
samples; # of stages: 7 = O(log(#F/s))

e/) — some constant depending on

M7B7/67d7n

Alexander Gasnikov *

MIPT

MOSCOW INSTITUTE
OF PHYSICS AND TECHNOLOGY

B INNOPOLIS
I UNIVERSITY

IS14RAS

5, 6

Smoothed Median of Means

Let ¢ be a random element in R? and let § > 0
be an arbitrary number. For any positive inte-
gers m and n, the smoothed median of means

SMoM,, ,,(C, ) is defined as follows:

SMoM,, ,((, 6) = Med (v1, . .., Vami1)

where, for each 7 € {0,...,2m},

Uy = Meaﬂ(CjnH, e 7C(j+1)n) + 0 15+1;

ST C<2m+1)n are i.i.d. copies of (, and
N, ., Mome1 ~ N(0,1;) are independent stan-
dard Gaussian random vectors.

Algorithms

clipped-SGD (2]

M = F — yclipy (Vfa(ah))

clipped-SSTM |3]

k k
k+1 Aky T Og+1%

9
Agia

AL = R Oék+1C11P)\k+1(va’f(xk+l>)a
k+1

k1 _ Akyk T Q412
At
R-clipped-SSTM = Restarted clipped-SSTM

Gradient clipping:

0, it t =0,
clip,(z) =

mm{LHT)\H} r, ifx=#£0

Oracle:

e Assumption 1: V fz(x) = Med of O(m) sam-
ples

e Assumption 2: V fz(x) = SMoM (see above)

Experiments
Problem:
1
min —z' Az, Vfr)=Ax+¢
z€R? 2

Noise models:

e Cauchy distribution
e 0.7x Cauchy + 0.3x exponential
e 0.7x Cauchy + 0.3x Pareto

Cauchy Cauchy

Error
Percentiles diff.

11111

20000 40000 60000 80000
Oracle calls Oracle calls

Cauchy + Exp noise Cauchy + Exp noise

Error

Percentiles diff.

0 20000 40000 60000 80000
Oracle calls Oracle calls

Cauchy + Pareto noise Cauchy + Pareto noise

Error
Percentiles diff.

20000 40000 60000 80000
Oracle calls Oracle calls

Figure: Left column: the mean error with a 95th and 5th
percentile bounds. Right column: the confidence interval

width for the error of mini-batched SGD with clipped
smoothed median of means.
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