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Smooth convex Expectation

IV £(z) = VI )2 < Lz — : x
f) 2 f@) + (Vi@)y -z TR
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The most popular method? » SGLC
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Stochastic gradient descent (SGD)

2Tt = g% — AV f(z", ")



Stochastic gradient descent (SGD)

lteration counter Stepsize

/ A/
gt = g" — AV f(a", &)
P

Stochastic gradient



Stochastic gradient descent (SGD)

lteration counter Stepsize

/ A/
gt = g" — AV f(a", &)
P

Stochastic gradient

® E(V/(@0) =V
@ E|IVi(@8 - Vi@l <o’



Stochastic optimization problem

min f(z)
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Stochastic optimization problem

1
x z—xng x,

zER™ f(,8) = S llells + (& =)




Stochastic optimization problem

1
r) = =|z|5=FE T,
min £(2) f(@) = 5 l12l3 = Ee [£(z,©)

o 1
z€R f(,8) = S llells + (& =)

’ f — random vector with zero mean and bounded variance

’ f(:c) — 1-strongly convex, L-smooth function
‘ vf(xa f) = x + £ — stochastic gradient



Stochastic optimization problem
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’ f — random vector with zero mean and bounded variance

’ f(:lj) — 1-strongly convex, L-smooth function
‘ vf(xa f) = x + £ — stochastic gradient
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Stochastic optimization problem

min f(x)

rcR™

)

1

f(@) = 512113 = B¢ [£(z,€)

F(@.8) = gllally + €.2)

Convergence in Expectation
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Stochastic optimization problem
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After k iterations of SGD (State-of the art theory)



Stochastic optimization problem

1
r) = =|z|5=FE T,
min £(2) > f(@) = 512113 = B¢ [£(z,€)

reER™ !
eR f(x,8) = S ll2ll3 + (&, )

Convergence in Expectation

E [|lz% —a¥|2] < (1 — yp)¥|a® — 243 +
[ 218 < (e — 18+

f@)=slel3 fe)=0  p=1  g*=0



Stochastic optimization problem

1
— — || % — E .CE,
o (o) f(z) = 5llz| e [f(z,€)]
rER™ f(z,8) = —||-’B||z (& z)

Convergence in Expectation

2

YO

= [l /| ) l2® — 23 + 1
>

1 Our case

flz) = —||3?||2 flz®) = MZ " =0




Convergence in Expectation

f(@,6) = 3 llal3 + (&, )
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‘ 3 different distributions of f with the same O

E[f(e*) - f@)] < (1= * (f(2°) = f(@)) + -



Problems
‘ Heavy-Tailed Noise
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‘ How to obtain good accuracy of the solution with high probability?
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‘ Heavy-Tailed Noise
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\ big even if we are close to the solution




Key idea

SGD

p*tt =2 —yV f(a", €")



Key idea

SGD Stochastic gradient

N /

ettt = af =V (", &)

|

Pt = ¥ — elip(V f (¥, €5), )

\

Clipped stochastic gradient 6f(ibk, §k)



Key idea

SGD

N\

2Pt = gk — AV (2P, €F)

|

"t = 2% — Aclip(V (2", €F), \)

Vf(z,€), if |V f(x,8)]2 <A

clip(Vf(z,&),\) = 4 .
e VS (@:€), otherwise




Key idea

SGD

N\

2Pt = gk — AV (2P, €F)

Clipping level

/

N gkt =g yelip(V f (%, £%),A)

rerear; VS (@,€), otherwise

clipped-SGD l

clip(Vf(z,§), ) = <
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Key idea
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Convergence in

Expectation

E[f(=") - f@a")] <e
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Convergence in

Expectation Probability

f@™) = f(z*) <e
with probability > 1 —

E[f(z") — f(a")] <e

‘ How to obtain good accuracy of the solution with high probability?



Convergence in

Expectation Probability

N x f@™) - f(a) <e
E[f(z"V) - f(z*)] < T with probability > 1 —3
7

Desired accuracy Confidence level

‘ How to obtain good accuracy of the solution with high probability?



Convergence in

We focus on this situation!

/

Expectation Probability

f(@™) — f(z") <e

N *
E [f(x ) — f(z )] < ? with probability > 1 — f
/

Desired accuracy Confidence level

‘ How to obtain good accuracy of the solution with high probability?
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Assumptions
min f(z)
f(z) =Beup | fe(w)]  — expectation minimization
fly) > f(x)+ (Vf(z),y —x) — convexity
V() = VF@)lla < Lliz —ylls —L-smootimess
Ee|Vf(x,€)] = Vf(x) — unbiasedness

E¢ [HVf(x, £) — Vf(az)Hg] < 0% — boundedness of the variance
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Assumptions

Light-tails assumption Heavy-tails assumption

E
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Assumptions

Light-tails assumption —} Heavy-tails assumption

exp (“W <€ vl (“")”2)] < exp(1) !’ Ee [IVF(2.8) - Vf@)]2] <o

X
Sub-Gaussian distribution

E




Assumptions

Light-tails assumption Heavy-tails assumption

E |exp (”Vf 2,8 V] ("”“2)] < exp(1) Ee [[IV£(2,6) - VF(@)[3] < 07
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Well understood We focus on this situation!
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High-probability convergence results

Method Complexity Tails | Domain Batchsizes

S0 | O (max { L8, @B’ 1n2(8-1) 1) | light | bounded 0(1)

SSTM | O (m { LA, "ZRz }1 L—g?l) light | R | from OE"2) to O(e~?)
AC-SA | O (m { Lf‘z’, 02;‘2’ In(8~ )}) light | arbitrary O(1)

RSMD ( { L?2, 25(292 } In(3~! ) heavy | bounded O(1)




High-probability convergence results

Heavy or light-tailed noise

\>

How batchsizes grow during the
optimization process

N\

Method Complexity Tails | Domain Batchsizes
SGD (max{leo2, "2502 lnz(ﬂ_l)}) light | bounded O(1)

R" from O(e~"?) to O(e~¥?)

0
SSTM O (max {\/ Lfg, 025‘2’ } In %) light
0, n )

AC-SA (max { \/ Lf‘%, azfgl (B! }) light | arbitrary O(1)
RSMD 0, (max { L?2, "26(2")2 } ln(ﬂ_l)) heavy | bounded O(1)

# stochastic first-order oracle calls

N\

Set where optimization
problem is defined



High-probability convergence results

Method Complexity Tails | Domain Batchsizes
(max { LRa%, °Ba 1n2(51) }) | light | bounded 0(1)

SGD :

O
SSTM 0, (max {\/ Lf", ZR2 }1 %Zfl) light R"™ from 0(8_1/2) to 0(8_3/2)
0]

AC-SA (ma,x{\/l'fo, 26};21 (B~ )}) light | arbitrary O(1)

RSMD 0, (max { sz, 025(292 } In(871) heavy | bounded O(1)

RO — initial distance to the optimum



High-probability convergence results

Method Complexity Tails | Domain Batchsizes

S0 | O (max { L8, @B’ 1n2(8-1) 1) | light | bounded 0(1)

SSTM | O (max {\/@, asz }1 %) light R" from O(e~"?) to O(e~¥?)
AC-SA | O (ma,x {\@ : 02;2 In(8~ )}) light | arbitrary O(1)

RSMD 0, (max { ng : "26?2 } ln(,B_l)) heavy | bounded O(1)

(—) — a diameter of the set where the optimization problem is defined



High-probability convergence results

Method Complexity Tails | Domain Batchsizes
S0 | O (max { L8, 2B’ 1n2(8=1) 1) | light | bounded 0(1)
SSTM | O (max {\/ sz, 2;2 }1 %) light R" from O(e~"/?) to O(e~¥?)
AC-SA | O (ma,x{ sz, 2;2 In(B8~ }) light | arbitrary O(1)
RSMD 0, (ma,x { ng, 23(292 } In(B~1 ) heavy | bounded O(1)
N *
Prob { f(z )—f(x)ﬁ/e}zl—?

Desired accuracy Confidence level



High-probability convergence results

Method Complexity Tails | Domain Batchsizes
S0 | O (max{ L8, @B’ 1n2(8-1) 1) | light | bounded 0(1)
SSTM | O (m { LR‘z’ 2;“2 } n LTI;E) light R" from O(e~"?) to O(e~¥?)
AC-SA | O (m { 1)}) light | arbitrary O(1)
RSMD (max L?2 : EQW heavy | bounded O(1)

Acceleration
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Stochastic Gradient Descent
SGD

e = 2* — 4V f(aF, €Y



Stochastic Gradient Descent
SGD

Tt = 2F — AV f(z"

)
\

® Viz Zw k.E)



Clipped Stochastic Gradient Descent
clipped-SGD

241 = o (e €

® Viz Zw k.E)



Clipped Stochastic Gradient Descent
clipped-SGD

® V(2" ") = clip(Vf(z*, &), \)
|
"t = o* — YV f (2", €F)

mg

k ¢k _>L k ¢k



Stochastic Similar Triangles Method
SSTM

2" = (Aky”® + a12") JAks1
2 = 2F — g Vf (2", €F)

v T = (Agy® + ag12"Y) JAk4



Stochastic Similar Triangles Method
SSTM

rFtl = (Akyk + Oék;—l-lzk) [Ak+1

2P = 2k — oy V(2R €F)

Yyt = (Akyk -+ ak+lzk+1) [Ak+1

\4

Accelerated SGD



Stochastic Similar Triangles Method

SSTM
Ag=ap =0 k+ 2
Parameters 0 0 _
‘ Agi1 = Ap +agpey  @k+1 = 27,
A N
I /

pFtl = (Akyk + ak+1zk) /Ak+1
2 = 2F — g Vf (2", €F)

v T = (Agy® + ag12"Y) JAk4



Clipped Stochastic Similar Triangles Method

clipped-SSTM
‘ Ao =ap =0 k+2
Parameters 0 0 e
Api1 = Ap +ape1 17T T9qL

‘ Clipping T /’
pFtl = (Ak-yk + Ozk_|_1zk) /Ak_|_1

2P = 2P — ak+1%f(xk+la£k)

y Tl = (Akyk -+ Oék+12k+1) [Ak+1

New method!



Clipped Stochastic Similar Triangles Method

clipped-SSTM
‘ Ag=an =0 k+ 2
Parameters 0 0 L
Api1 = Ap +ape1 17T T9qL

‘ Clipping - T i /' )
X Tl = (Ak;’y +Oék_|_12 )/Ak;_|_1
M =28 — 0 V(@ €Y)

ka — (Akyk T Oék+12k+1) [Ak+1

\4

Vi@, €") = clip (VF(@**,€5), At

B‘/

Q41

Aktl =



High-probability convergence

Heavy-tailed noise

v
clipped-SGD [This work] | O (max { LRo” } In(8 ) heavy R™ 5(5‘1)
clipped-SSTM [This work] @) (” efo In "6%0) o? is big heavy R" O(1)
clipped-SSTM [This work] | O ( {LR% "Ry }1 @3) heavy | R" iroorg (S_(} ;
, , [LR2 &2R? |, LR? from O(e~"/?)
clipped-SSTM [This work] | O (max{ = o2 }1 E_,BQ) heavy R™ ‘o 0(5_3/2)
A
Nearly optimal Unbounded
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Clipped-SSTM and Clipped-SGD

Logistic Regression

rcR™
1=1

‘ A -~ Rrxn — matrix of instances

‘ y € {0,1}™ — vector of labels

min f(x) = %Zlog (1+exp (—y; - (Ax);))
fi(z)

Datasets from LIBSVM:

heart

australian

Size

270

690

Dimension

13

13




Density
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Data analysis
Dataset - Heart

heart, real samples
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‘ Histogram of ||Vf7,(2?*)||2



Data analysis
Dataset - Heart

heart, real samples
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’ Histogram of ||Vf7,(27*)||2

Red lines correspond to probability density
function of normal distribution with empirically

estimated mean and variance




Data analysis

D

heart, real samples
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0
Noise norm

heart, synthetic Gaussian samples

ataset - Heart

‘ Histogram of ||Vf7,(2?*)||2

Red lines correspond to probability density
‘ function of normal distribution with empirically
estimated mean and variance

Histogram of synthetic Gaussian samples with
mean and variance estimated via empirical mean

and variance of real samples
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Data analysis
Dataset - Australian

australian, real samples
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australian, synthetic Gaussian samples
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‘ Histogram of ||Vf7,(2?*)||2

Red lines correspond to probability density
‘ function of normal distribution with empirically
estimated mean and variance

Histogram of synthetic Gaussian samples with
mean and variance estimated via empirical mean
and variance of real samples
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Trajectories - Australian

australian australian
0 0
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More details you could find in our work:

"\ Gorbunov, Eduard, Marina Danilova, and Alexander Gasnikov. "Stochastic
‘  Optimization with Heavy-Tailed Noise via Accelerated Gradient
—Mbe  Clipping." arXiv preprint arXiv:2005.10785 (2020).

’ strongly convex case

’ more experiments



Thank you for your
attention!
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