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Heavy-Tailed Noise



Typical Machine Learning Problem: Classification

Training data
(n images)

Goal: classify what is on the picture — cat or dog

Cat

\ 4

Neural Network » Dog

Cat

Pictures sources: https://en.wikipedia.org/wiki/Cat, https://en.wikipedia.org/wiki/Dog



https://en.wikipedia.org/wiki/Cat
https://en.wikipedia.org/wiki/Dog

Typical Machine Learning Problem

iy {f(w) = % > ﬁ-(x)}



* Dimension of the model: d
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 Model parameters:
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* Dimension of the model: d

Typical Machine Learning Problem

 Model parameters:

* Training data:

n

samples

* Loss on the i-th sample: f;(

* Training Ioss:x)
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are usually very large...

Computation of Vf(x) is very expensive = stochastic methods are used
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Gradient Descent vs Stochastic Gradient Descent

Gradient Descent (GD) Stochastic Gradient Descent (SGD)
k+1 _ _k k k+1 _ _k r k
" =a" =V f(z") T =at =V fi (27

Random index from {1, 2, ..., n}

Solution

Convergence to the exact optimum asymptotically Convergence to the neighborhood of the solution
High computation cost of one iteration Cheap iterations
Faster convergence (for most of ML problems)

& /._ H.Robbins, S. Monro. A stochastic approximation method (The annals of mathematical statistics 1951).

Pictures source: https://fa.bianp.net/teaching/2018/COMP-652/



https://fa.bianp.net/teaching/2018/COMP-652/

@ Al you need is SGD?


https://fa.bianp.net/teaching/2018/COMP-652/

Choice of the Method is Important

—— SGD momentum
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n 2 o
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(a) (b) ImageNet training (c) Synthetic Gaussian
3.5
—— SGD momentum 0.04/ 0.075/
3.0 —— ADAM |
u, §°'°3 20.0501
g25 §0.02 g
0.025
2.0 0.01
1300 05 10 15 20 0.007% 40 60 80 0.00073 5 10 15
Iterations le2 Noise norm Levy-stable
(e) (f) Bert pretraining (g) Synthetic Levy-stable

'Tif the noise is heavy-tailed, SGD is not a good choice (not even guaranteed to converge)

s Heavy-tailed noise in the stochastic gradients is typical for training LLMs and GANs

.iZT J. Zhang et al. Why are adaptive methods good for attention models? (NeurIPS 2020). 10



From Empirical Risk To Expected Risk Minimization

1 n
Empirical risk minimization (ERM): mln {f(af) d:ef — Z fZ (:C) }
rcRd T P

: def 1~
Risk minimization (RM): I1ir {f(x) — tng [ff(x)]}

rcRA




From Empirical Risk To Expected Risk Minimization

rcRA

1 n
Empirical risk minimization (ERM): mln f (ZC) d:ef — E fZ (CE)
T
1—=1

: def
Risk minimization (RM): 111111 xX) =
B min {f( )

* The first problem is a special case of the second one

ienlfe(2)]

* Ifnislarge enough, then the minimizer of ERM is close to the minimizer of RM

Therefore, let us focus on RM from now on in this talk
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Heavy-Tailed Noise

L[V fe(x) = Vf(@)[*] <o

l<a<?2

) When a < 2 variance can be unbounded



Heavy-Tailed Noise

L[|V fe(z) = Vf(2)f*] < o®
l<a<?2

{Tgn)

When a < 2 variance can be unbounded

(g

SGD can diverge:

|zt —a*[]F = [la" —2"|® = 2%(2” — 2", VS (a?)) + [[Vfe(")|’

saD: " = 2" — 1V fer (2) y



Heavy-Tailed Noise

LIV fe(@) = Vf(@)[|*] < o®

l<a<?2

(TR

When a < 2 variance can be unbounded

()

SGD can diverge:

Ellz® —2*|*= [l2” — 2"|]* —E[2%(z" — 2", V feo (2"))] HE[V feo (") |

Unbounded Unbounded

SGD: lek—I_l — ZIZ‘k — "}/kagk (ij) 15



? Gradient clipping fixes SGD!



SGD vs Clipped-SGD

o M = bV (o

Clipped-SGD: Cli’k+1 — xk T VkChp)\k (fok (xk))

A
clip, (x) = min {1 —} T

ﬁ R. Pascanu et al. On the difficulty of training recurrent neural networks. (ICML 2013).




High-Probability Convergence



In-Expectation vs High-Probability Guarantees

In-expectation guarantees: E[||x — x*||?] < &, E[f(x) — f(x")] < & E[|IVf(X)]|?] < ¢

& Typically, depend only on some moments of stochastic gradient, e.g., variance
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In-Expectation vs High-Probability Guarantees

In-expectation guarantees: E[||x — x*||?] < & E[f(x) — f(x")] < & E[[|VF(x)]|?] < ¢

& Typically, depend only on some moments of stochastic gradient, e.g., variance

High-probability guarantees: P{||x —x*||? <e}=>1-B,P{f(x) — f(x*) <e}>1-3,
P{IVf()I?<e}=1-p

< Sensitive to the distribution of the stochastic gradient noise
! Harder to obtain with Jogarithmic dependenceon 1/

High-probability results give better understanding of methods behavior

20



Convergence of SGD: Toy Example

1. 1
Problem: fl@) =Sllall*amd fe(z) = Slal” + (& o)



Problem:

Convergence:

Convergence of SGD: Toy Example

1 1
fl@) = Slel? e felw) = Sl + (€ 2)




Convergence of SGD: Toy Example
1 1
Problem: flz) = §HIIJH2 and  fe(x) = §HIL‘H2 + (& x)

el

Convergence: D) [f(gjk) — f(aj*)] < (1-— ’y)k(f(lljo) — f(x™)) 4 5

Gaussian tails, f(x°) — fix") = 2.87 Weibull tails, f(ix°) — fix") =2.87 Burr Type Xl tails, f(x°) — fix") =2.87
0 0 0
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SGD’s behavior does depend on the distribution but it is not reflected by in-expectation guarantees!
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Convergence of SGD and Clipped-SGD: Toy Example

1 1

F@)=gllel? e fele) = 5l + (€ 2)

el

Convergence: D) [f(gjk) — f([lj*)] < (1-— ’y)k(f(lljo) — f(x™)) 4 5

Gaussian tails, f(ix°) — f(x") =2.87 Weibull tails, f(x°) —f(x") =2.87 Burr Type Xl tails, f(x°) — fix") =2.87
0 0 0
10 4 SGD L 4 SGD 10 4 SGD
—@— clipped-SGD —@— clipped-SGD —@— clipped-SGD

0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000 0 20000 40000 60000 80000 100000
Number of iterations Number of iterations Number of iterations

SGD’s behavior does depend on the distribution but it is not reflected by in-expectation guarantees!

Clipped-SGD oscillates less around the same value y



Some Recent Advances on High-Probability Convergence

@Nazin et al. Algorithms of robust stochastic optimization based on mirror descent method.
(Automation and Remote Control, 2019)

@Davis et al. From low probability to high confidence in stochastic convex optimization. (JMLR 2021)

@Gorbunov et al. Stochastic optimization with heavy-tailed noise via accelerated gradient clipping.
(NeurlIPS 2020)

&@Cutkosky & Mehta. High-probability bounds for non-convex stochastic optimization with heavy tails.
(NeurlIPS 2021)

@Gorbunov et al. Clipped stochastic methods for variational inequalities with heavy-tailed noise.
(NeurlIPS 2022)

@Sadiev et al. High-probability bounds for stochastic optimization and variational inequalities: the case of
unbounded variance. (ICML 2023)

@Nguyen et al. High probability convergence of Clipped-SGD under heavy-tailed noise. (arXiv:2302.05437)

@Liu et al. High probability convergence of stochastic gradient methods. (ICML 2023)

@Nguyen et al. Improved convergence in high probability of clipped gradient methods with heavy tails.
(NeurlIPS 2023)

@Liu & Zhou. Stochastic Nonsmooth convex optimization with heavy-tailed noises: high-probability bound,
in-expectation rate and initial distance adaptation. (arXiv:2303.12277)

@Puchkin et al. Breaking the heavy-tailed noise barrier in stochastic optimization problems. (AISTATS 2024)
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2 Analysis for composite and distributed
problems is limited!



Composite Optimizaton



Stochastic Composite Optimization

min {®(z) := f(z) + ¥(z)}

reRd



Stochastic Composite Optimization

min {®(x) = f(x) + ¥ (2))

L

Convex and smooth function
Stochastic gradients Vf¢(x) are available




Stochastic Composite Optimization

min {®(z) = f(z) + ¥(z)}

xERd/ ‘
Convex and smooth function “Simple” function (proper, closed, and convex)

Stochastic gradients Vf¢(x) are available Prox-operator (a.k.a. projection) is computable

ycRd

. 1
proxg (x) := arg min {\If(y) + §||y - fHQ}

30



Stochastic Composite Optimization: Examples

* Regularized risk minimization

min {(I)(ZIZ‘) = Eeup|fe(®)] + M||x|]1 + )\2||$H3 }

reRd
f(z) U (z)

min {P(z) := f(z) + ¥(x)} ’

rERA



Stochastic Composite Optimization: Examples

* Regularized risk minimization

min {(I)(ZE) = Eeup|fe(x)] + M| 2|1 + )\ZHCUHg }

reRd
f(z) U (z)

* Constrained risk minimization

min { ®(z) := Eeup[fe(0)] +9(x) |, W(x) :=

rERA
f(x)

min {P(z) := f(z) + ¥(x)}

rcRd
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Stochastic Composite Optimization: Examples

* Distributed optimization

min_{@(X) = %f: fular) +0(X)}

X:[J}l,...,xn]GRdxn

N——— —’
f(X)

B(X) = 0, tri=...=2z2,
- +00, otherwise

* n workers/clients are connected with a parameter-server
* fi(x;) - loss on the data available on client i
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Stochastic Composite Optimization: Examples

* Distributed optimization

min_{@(X) = %f: fular) +0(X)}

X:[a}l,...,xn]GRdxn

N—— ———
f(X)

B(X) = 0, ifr;=...=x,
- +00, otherwise

* n workers/clients are connected with a parameter-server
* fi(x;) - loss on the data available on client
@ In our work, we consider an explicit form of the distributed problem
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Standard Method: Prox-SGD

v " — ViV fek ($k>



k+1

Standard Method: Prox-SGD

PTOX, v (

" — %Vfgk (fk)




3
|

Standard Met

k+1 (
pI’OX,Yk\I,

hod: Prox-SGD

2" — eV fer (2)

ro = a '
proxy (z) rg min

{w) + 3l - ol




® Just clip stochastic gradient?



Failure of the Naive Approach



X

Proximal Clipped-SGD

k+1

= prox., y (:z:""C — yrclipy, (V fer ("))

A
clip, () = min {1, —} T

||

There is an issue with this method related to the choice of 4;,

40



Closer Look at the Deterministic Case

Prox-GD Prox-clipped-GD

= Prox, g (CEk — ’kaf(f’?k)) "= PIOX ., w (xk - %Chp/\k (Vf(xk)))
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Closer Look at the Deterministic Case

Prox-GD Prox-clipped-GD

= Prox, g (CBk — ’kaf(f’?k)) "= PIOX ., w (xk - %Chp/\k (Vf(xk)))

Solution is a fixed-point:

r* = prox,, g (z° — nwVf(z"))

No need to decrease stepsizes
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Closer Look at the Deterministic Case

Prox-GD Prox-clipped-GD
k+1 k k k+1 __ k . k
ot = PIox., g (:E — vV f(x )) " = prox., g (x — %Chp/\k(Vf(x )))
Solution is a fixed-point: Solution is not necessarily a fixed point :

r* = prox, y (% — %V f(z¥)) " # prox,, g (2° — yxclipy, (Vf(27)))

No need to decrease stepsizes This can happen if ||Vf (x*)|| > A, forall k = k, since

—clip,, (Vf(z7)) ¢ 0¥ (z7)

43



Closer Look at the Deterministic Case

Prox-GD Prox-clipped-GD
k+1 k k k+1 __ k . k
ot = PIox., g (:E — vV f(x )) " = prox., g (:I; — %Chp/\k(Vf(x )))
Solution is a fixed-point: Solution is not necessarily a fixed point :

r* = prox, y (% — %V f(z¥)) " # prox,, g (2° — yxclipy, (Vf(27)))

No need to decrease stepsizes This can happen if ||Vf (x*)|| > A, forall k = k, since

—clip,, (Vf(z7)) ¢ 0¥ (z7)

In the stochastic case, known results for unconstrained problems require decreasing A,
for tight convergence in the strongly convex case and acceleration!
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Non-Implementable Fix



New Method: Proximal Clipped-SGD-star

rhtl — Prox., g (azk — e (Vf(x") + Clip/\k(Ak))



New Method: Proximal Clipped-SGD-star

k+1

A

7T = prox. g (Z‘k — (V f(2") + clipy, (

Ay = Vfe(z") — Vf(z*)

Solution is a fixed-point for any choice of A, (in the special case of deterministic gradients)

Provable convergence (we have proofs)
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New Method: Proximal Clipped-SGD-star

mk—l—l

= PIox, g (:L‘k —(V f(2") + clipy (

A

Vf(z7)

Solution is a fixed-point for any choice of 4,

Provable convergence (we have proofs)

The method cannot be used: Vf (x™) is unknown in general

48



Learnable Shifts



New Method: Proximal Clipped-SGD with Shift

2* = prox. g (2 — i (h* + clip, (Ar))

learnable shift

A =V for () ﬂk/




New Method: Proximal Clipped-SGD with Shift

k+1

2* = prox. g (2 — i (h* + clip, (Ar))

learnable shift

mu - clipy, (Ag)




New Method: Proximal Clipped-SGD with Shift

2* = prox. g (2 — i (h* + clip, (Ar))

learnable shift

Ap =V fer(a¥) — R =1F + v - clip, (Ag)

Intuition: one step of clipped-SGD applied to

|
min —||h — V fe (:13’“)||2

Provable convergence (we have proofs) hcRe 2

h’ approximates V£ (x*)

where fok (x*) can be seen as

a noisy estimate of Vf(x™)

52



Convergence Results: Convex Case

Assumptions

 Convexity f(x) > f(y) =+ <Vf(y)7 L — y>
* Smoothness HVf(:Ij) - vf(y)H < LHZC - yH

Convergence rate

There exists a choice of stepsizes y and v and clipping level A such that with probability at least 1 — 8

LR2A RC.A ocRA:
d(x )@(m*)@(ma}({ ?{ ,RE( 701;;@_1

/

)
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Convergence Results: Convex Case

Assumptions

Convexity f(x) > f(y) =+ <Vf(y)7 L — y>
Smoothness HVf(:IZ) - vf(y)H < LHZC - yH

Convergence rate

There exists a choice of stepsizes y and v and clipping level A such that with probability at least 1 — 8

LR2A RC.A ocRA:
d(z") — ®(2*) = O | max , E{ , UKaTl

K

/

© R —an upper bound on [|x° — x*||, ¢, = [IVF(xH)Il, 4 = 108%

Logarithmic dependence on
The rate matches the one for clipped-SGD in the unconstrained case



Convergence Results: Strongly Convex Case

Assumptions

e Strong convexity f(x) > f(y) + <Vf(y),x — y> T ng — sz
* Smoothness HVf(:IZ) o vf(y)H < LHZC o yH

Convergence rate

There exists a choice of stepsizes ¥y and v and clipping level 4, such that with probability at least 1 — 8

¢ 2(a—1) )
K RK ‘A"« B
|25 —2*]|* = O (max< R? exp (—'Z—A> , R? exp <_M§*A ) , UKQ(al) >)

(04

® R - an upper bound on [|x° — x*|, (. = |IVF(x")], A = log %, B — another logarithmic factor

Logarithmic dependence on
The rate matches the one for clipped-SGD in the unconstrained case
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Extensions and Generalizations

In the paper, we also have

W Accelerated rates

W Linear speed up for distributed composite problems (even for a < 2)

| Vie(r) = V(2)]]*] < 0"

W Generalization to the variational inequalities

1 Detailed proofs (with novel Lyapunov function for accelerated method)

56



Conclusion




Conclusion

Main takeaway:

clip gradient differences for better high-probability convergence
for composite and distributed problems

Come to our poster for more details: Today, 11:30 am (Hall C 4-9 #1014)

Paper: My website:

(1 am on the job market)




