Problem
min f(z)

zER4

Standard L-smoothness: ||[V2f(z)|2 <L
e Equivalent definition: ||V f(x) — Vf(y)|| < L|jz — y|
X Does not hold on R? in Deep Learning

X Even if satisfied on a compact, constant L can be large

(Lo, L1)-smoothness: | V2f(z)|2 < Lo+ L1 ||V f(2)|
v Proposed and empirically validated by Zhang et al. (2020) [7]

0.0 < [}600 10 o | | ts00
—_— — . .
5 -0.5 . 500 E 500
c —-1.0 c 0.5
c 4005 £ - 400 €
= = Py i)
o —-15 = o L . =
E —2n K 300 § E‘ 001~ e 300 §
s vdot 200 2 vy 2 IO 200
Q251 Ek oL S SO
T R !‘q,_, 100 100

)
-35 0 -10 - 0
-3 —2 -1 0 -3 -2 -1

log{gradient norm) log(gradient norm)

Figure 1: Estimated smoothness constant for two DL tasks (Zhang et al., 2020) [7]

v Generalized by Zhang et al. (2020) [6] and Chen et al. (2023) [1] to

IVf(z) = Vi)l < (Lo + L1 sup IIVf(U)H) I =yl

u€lw,y]

v Chen et al. (2023) [1] proved that (L, L1)-smoothness is equivalent to

IV (z) = Vi)l < (Lo + LalVFW)I) exp (Lol = ylDllz = yll.

Existing convergence results in the convex case

Let f be convex and (Lg, L1)-smooth. Goal: bound the number of iterations N (¢)
needed to reach f(zV) — f(z*) < ¢ for a given method, z* € arg min,cga f(x).

€

o Lietal (2020) [3: N = O (Lol tiafoonluto)at)
X Exponentially large factor of Ry = ||20 — z*|
e Koloskova et al. (2023) [2], Takezawa et al. (2024) [5]:

N = O(maX{LORO \/Léi‘ﬁ })

X Derived under additional L-smoothness assumption

@ Is it possible to derive better results without extra assumptions? Yes!
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Gradient Descent with Polyak Stepsizes
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Algorithm: z**! = 2% — ToranE V(")

Rate: f(zV) — f(z*) < € after N = O (max { LOERg,LfR8}>

Gradient Descent with Smoothed Clipping

Algorithm: zF+! = 2% — mvﬂxk)

Rate: f(zV) — f(z*) < ¢ after N =0 (max { LOERg,L%R(Q)D

v No exponential factors of Ry = ||z% — z*||
v No additional assumptions
@ Proof sketch
@ Using the convexity, #@am < f(x) — f(z*), and n < %, we get
|1t~ 1)
Lo+ La||V f(2F)|

Iz — 2|* < fla® — 2| ~

@ Then, we consider two possible cases:
if [Vf(*)| > 2

2% — 2% — g7
”karl o .’E*||2 < 8L?%’ Ly
% —a*||* = 55 (f(2*) = £(2%)), i [V <72

@ The first case occurs no more than O(L?R3) times; the second case is standard

Adaptive Gradient Descent (Malitsky & Mishchenko, (2020) [4])
Algorithm: z*+! = 2% — A\, V f(2*), where

)\k,1 ||£L’k

k 1”
V() - Vf(x""l)ll}

(12D% + 11D} })

)\k—min{ 1+

Rate: f(zV) — f(z*) < ¢ after N = O (max{LOEDQ,m2

— (1+Ly D exp (2L, D))
o m:=1+ 10g\/§ ’V 3
— 3 (e (e
o D2 im 2t — a2 + 2t — 2O + 2000, (f(2) — f(2")
e No explicit exponential factors of Ry
e In the paper, we also have: an accelerated method ((Lg, L1)-STM) and stochastic
extensions of the first two methods
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Figure 2: Logistic regression Figure 3: f(z) = z*
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